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Casimir energy is calculated in the 5D warped system. It is compared with the flat one. 
^ ' The position/ momentum propagator is exploited. A new regularization, called sphere 

l/^ lattice regularization, is introduced. It is a direct realization of the geometrical interpreta- 

, tion of the renormalization group. The regularized configuration is closed-string like. We 

' do not take the KK-expansion approach. Instead the P/M propagator is exploited, com- 

C " D ' bined with the heat-kernel method. All expressions are closed-form (not KK-expanded 

form). Rigorous quantities are only treated (non-perturbative treatment). The properly 
regularized form of Casimir energy, is expressed in the closed form. We numerically eval- 
uate its A(4D UV-cutoff), ijj{5T) bulk curvature, warpedness parameter) and T(extra 
space IR parameter) dependence. 

Casimir energy is the free part of the vacuum energy. It depends only on the 
macro (boundary) parameters. It is the macroscopic quantum effect. In the re- 
' cent strong interest in the brane models or the bulk-boundary theories, the subject 

is quite important. The higher dimensional Casimir energy was examined by Ap- 
pelquist and Chodoffi They considered the flat geometry of x Mi. It has been, 
in the recent standpoint, re-examined^. Here we examine the warped case. 

In the closed form, Ecas of 5D electro- magnetism is expressed as Ecas{'-^,T) = 
hEcas + ^E+^s^a) E^^MT) = I^I^l^dz .s{z)g{G^{z,z)}dP ^ 
I (tJ)'^ Ji/^ d.zF^{p,z),s{z) = l/{ujz)^,{2) where the P/M propagators are 
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^zp. n ^ -^a>3 .,2^/2 {Io(£)Ko(p2:)TKo(£)Io(p^)}{Io(|,)Ko(p2:')TKo(j,)Io(p^')} ^ 
' + 2 io(|)Ko(^)-Ko(|)Io(^) '-^ ~ 

a/p^ , p2 > q (space-like). The integral region of the equation (2) is dis- 
played in Fig.l. In the figure, we introduce the UV and IR regularization cut-offs, 
II = AT/u! < p < A, l/cu < z < 1/T. From a close numerical analysis of {p, z)- 
integral (2), we have confirmed E^'~{u,T) = (I/Btt^) {-0.0250AVr}. This is 
the same result as the flat casJ^ (periodicity 21) by the replacement : l/ST ^ 
The A^-divergence shows the notorious problem of the higher dimensional theories. 
In spite of all efforts of the past literature, we have not succeeded in defining the 
higher-dimensional theories. 
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Fig.l Space (z,p) for integral 
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Fig. 2 Proposed int. space (z,p) 



Fig. 3 Regularization Surface Bir and Sfyy in the 5D coor- 
dinate space (x^jz), Flow of Coarse Graining (Renormal- 
ization) and Sphere Lattice Regularization. 



The divergence causes problems. The famous example is the divergent cosmo- 
logical constant in the gravity-involving theories. We notice here we can avoid the 
divergence problem if we find a way to legitimately restrict the integral region in 
(p, z )-space. One proposal of this was presented by Randall and Schwartz^. They 
introduced the position-dependent cut-off, ^ = AT/ui < p < A/uju , u G ^/T] 
, for the 4D-momentum integral in the "brane" located dX z = u. (See Fig.l) The 
total integral region is the lower part of the hyperbolic curve p = K/uz. (They 
succeeded in obtaining the finite /3-function in the 5D warped vector model.) The 
numerical resuh says E^^f{LO,T) = (I/Stt^) {-0.0167AVw}- Compared with the 
flat case (i?cas(0 = (S/Stt^) {— 0.0178A''}), the divergence situation does not im- 
prove unless we take A cx w. Although they claim the holography is behind the 
procedure, the legitimateness of the restriction looks less obvious. We proposed an 
alternate one SI and state here the legitimate explanation within the 5D QFT. 

On the "3- brane" at z = l/w, we introduce the IR-cutoff fi and the UV-cutoff A 
(/i ^ A). See Fig. 2. This is legitimate in the sense that we usually do this procedure 
in the 4D renormalizable theories. On the "3-brane" at z — 1/T, we introduce 
another set of IR and UV-cutoffs, /x' and A'. We consider the case: ^' < A', ^ 
fJ.',A' ^ A. This case leads us to introduce the renormalization flow. (See the later 
explanation of Fig. 3.) We claim here, as for the "3-brane" located at each point z 
(l/w < z < 1/T), the regularization parameters are determined by the minimal area 
principle. To explain it, we depict the regularization configuration of Fig. 2 in the 5D 
coordinate space (x^, z) in Fig. 3. The 5D volume region bounded by Buy and Bjji is 
the integral region of the Casimir energy Ecas - The forms of ruv{z) and riji{z) can 
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be determined by the minimal area principle. <5(Surface Area) — 0, Ji-i^i = 

0, r' = r" = 1/w < z < 1/T. (3) We have numericaUy confirmed the 
existence of appropriate geodesic curves for the 'inverse' renormalization flow. 

Instead of restricting the integral region, we have another approach to 
suppress UV and IR divergences. We introduce a weight function W{'p,z). 
E^J^{uj,T) EE / Jijl^ dz Wip,z)F'^{p,z). (4) As the examples of W, we 
present q-p^ f^^^-^^T^ ^ iyi(p, z) (elliptic suppression) and q-p^^^t^/^ = W3{p,z) 
(hyperbolic suppression). We have evaluated the divergence behavior of E^^^ by 
numerically performing the {p, z)-integral (4) for the rectangle region of Fig.l. 

^ (l/8^2)|_2,6i 10-2u;A3 - 4.59 IQ-WlnA}, E^^^ / KT-^ = 
(l/87r2){-0.312tj'^ - 1.06 lO'^w^ln A}. (5) W3 corresponds to the restriction ap- 
proach by Randall-Schwartz, but the above result does not coincide with theirs 
E^^f {uj,T). Its divergence-suppression is insufficient. Wi gives, after normal- 
ization by the factor A/T, the desired log-divergence only. In this case, the 
Casimir energy is finitely obtained by the renormalization of the warp factor lu. 
— acj^(l — 4cln(A/(jj)) = —auj' , a(inA) 77 ^ (anomalous dimension). (6) 
(For Wi, a = 0.312/87r2,c = -0.849 lO'^.) Fig.3 shows the renormalization flow. 
For interacting theories, such as 5D YM theories, the scaling of the renormalized 
coupling g{z) is given by /3 = ~§^§f Inr(z), (7) where g{z) is a renormalized 
coupling at z and r(z) is an appropriate geodesic. 

Finally we comment on the meaning of the weight function W{p,z). We can 
define it by requiring that the dominant contribution to Eq'^^ (4) , which is obtained 
by the steepest-descend method to (4), coincides with the geodesic curve, which 
is obtained by the minimal area principle for the surface in the bulk(3). For the 
purpose, we are naturally led to the following definition of the Casimir energy. 
Ecas = J d'^a /pa(i/^)^pa(i/j.)^„a 'D'^p{z)F{p, z) exp{^}, where the '4D area action' 
A, with Euclidean time z, is defined by the induced metric Kabix) — (l/ct;^z^)((5a6 + 
x°-x^ / [rr'Y) on the surface X]a=i(^°)^ = r(z)^ = p(z)^'^ a.s. A = j ^/Kabd^x ~ 
Vp^/p''' + 1/w^z^p'^ dz. The energy distribution operator F{p,z) is defined 
by the ordinary field quantization (2). The above proposal means the 5D space 
(p° = (a;")"^, z) is quantized with the action A[p,p' , z] and the Euclidean time z. 

The absence of the proper definition of the higher dimensional QFT has been 
hindering the calculation of 5D Casimir energy so far. In this paper we have intro- 
duced a new definition and demonstrated a finite value. 
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